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Abstract. We propose the following model on Z+ for speciation and extinction. A species at site i gives
birth to a new species at site j at rate λp(i, j) where i and j are nearest neighbors. A death at site i occurs
at rate δi. We show that the existence of a phase transition in λ depends critically on the value of the limit
of p(n,n+1)
δn
.
1 The model
Consider the following model on the positive integers Z+. Let λ > 0 and p be a transition probability matrix
with the following properties.
p(n, n+ 1) + p(n, n− 1) = 1 ∀n ≥ 1,
and
p(n, n+ 1) > 0 ∀n ≥ 1.
For n = 0 we assume p(0, 1) = 1. Let (δn)n≥0 be a sequence of strictly positive reals. We propose the
following inhomogeneous contact process for speciation. We start the model with a single species at some
n ≥ 0.
(i) A species at n ≥ 1 gives birth to another species at n+1 at rate λp(n, n+1) and gives birth at n− 1
at rate λp(n, n− 1). A species at n = 0 can only give birth at 1 and this happens at rate λ.
(ii) A species at site n ≥ 0 dies at rate δn > 0.
(iii) There is at most one species per site. Births on occupied sites are suppressed.
Moreover, we assume the existence of the following limit.
(1) lim
n→∞
p(n, n+ 1)
δn
= ℓ
where ℓ ≥ 0 can possibly be infinite.
The basic contact process is the particular case p(n, n+ 1) = p(n, n− 1) = 1/2, δn = 1, for every n in Z.
See Liggett (1999) for a comprehensive mathematical survey of the contact process.
As we will see below the probability that species survive forever depends critically on the value of ℓ. The
process is said to survive if there is a strictly positive probability that the process will survive. Otherwise it
is said to die out.
Theorem 1. Consider the inhomogeneous contact process on Z+ starting with a single species.
• if ℓ = 0 then for any λ > 0 the process dies out.
• if 0 < ℓ < +∞ then there exists a critical value in (0,+∞) such that the process dies out for λ below
the critical value and survives for λ above the critical value.
• if ℓ = +∞ then for any λ > 0 the process survives.
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Biologically, an interesting particular case is when we have:
(2) lim
n→∞
δn = 0
and
(3) lim
n→∞
p(n, n+ 1) = 0
The number 1/δn may be thought of as a measure of fitness for the species at n. Hypothesis (2) assumes
that as n increases this measure of fitness goes to infinity. Hypothesis (3) assumes that it is harder and
harder to give birth to a more fit species. Hence, (2) and (3) go on opposite directions. Our result shows
that extinction is certain for every λ if and only if
p(n, n+ 1) << δn
for n large. This relation can be interpreted as a cost-benefit trade-off.
Stochastic models for speciation go back to at least Yule (1924) who introduced a pure birth process
for speciation. Birth and death processes are commonly used to model speciation, see Nee (2006) for a
review of such models, see Aldous et al. (2011) for statistical questions related to birth and death models.
Birth and death models are typically neutral: all the species are thought to have the same fitness. However,
Liggett and Schinazi (2009) have introduced a birth and death chain with fitness. They assume that fitness
is randomly assigned to a new species independently of its parent species, see also Guiol et al. (2011) and
(2013). Independent fitnesses may be a reasonable assumption for virus but seems unreasonable for higher
organisms. The present model can be seen as being at the other extreme of dependency since here the fitness
of the new species depends heavily on the parent species.
2 Related models and results
Inhomogeneous models for percolation and contact processes go back to at least Aizenmann and Grimmett
(1991), see also Madras et al. (1994). The emphasis in those papers is to find conditions on the distribution
of inhomogeneities that change the critical value of the process or make the phase transition discontinuous.
There has also been significant work on the contact process in random environments, see Bramson et al.
(1991), Liggett (1991) and (1992), Newman and Volchan (1996). The model introduced here is essentially
the model from Liggett (1991). In that paper there are several sufficient conditions for extinction and a
sufficient condition for survival. However, Liggett’s condition for survival is difficult to apply in general and
seems to be useful only under very specific conditions such as periodic birth rates. Our approach is different
in that we assume the existence of the limit ℓ. This simplifies the problem and allows for a rather clear
picture of survival and extinction for this particular case.
3 Proof of Theorem 1
The proof is the consequence of two lemmas. The first one gives a sufficient condition for extinction.
Lemma 1. If λℓ < 1 then the inhomogeneous contact process dies out.
We now prove Lemma 1. Let λ > 0. We denote the inhomogeneous contact process by ηt.This process
starts with a single species at some site x. Consider the following auxiliary process ξt on Z
+. We start ξt
with a species at the same site x and we fill all the sites of ξ0 to the left of x (if any). Let rt be the rightmost
occupied site of ξt at time t. The process ξt evolves as follows. All the sites (if any) to the left of rt are
always occupied. If rt = n then a death occurs at site n at rate δn and a birth occurs at site n + 1 at rate
λp(n, n + 1). These are the only transitions that are allowed for ξt. That is, a death can only occur at rt
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and a birth can only occur at rt + 1. It is easy to see that the processes ξt and ηt can be coupled so that
for any time t ≥ 0 and any x in Z+ if ηt(x) = 1 (i.e. x is not empty) then ξt(x) = 1. In particular, if ξt dies
out so does ηt. We now show that ξt dies out.
Observe that rt jumps from n to n + 1 at rate λp(n, n + 1) and jumps from n ≥ 1 to n − 1 at rate δn.
If rt = 0 the process dies out at rate δ0 > 0. Hence, rt is a birth and death chain on Z
+ with an absorbing
state at 0. A classical result (see for instance Karlin and Taylor (1975)) shows that rt is absorbed at 0 with
probability 1 if and only if
∞∑
i=1
δ1δ2 . . . δi
λip(1, 2)p(2, 3) . . . p(i, i+ 1)
= +∞.
Since λℓ < 1 the ratio test implies that the series above is divergent. This completes the proof of Lemma 1.
We now turn to a sufficient condition for survival. First we need to introduce the one-sided contact
process. It is the particular case for which
p(n, n+ 1) = 1 and δn = 1 ∀n ≥ 0.
There is a critical value λc above which the one-sided contact process survives, see Harris (1976).
Lemma 2. Let λc the critical value of the one-sided contact process on Z. If λℓ > λc then the
inhomogeneous contact process on Z+ survives.
We now prove Lemma 2. Take λ such that λℓ > λc. For any λ
′ in (λc, λℓ) there is a positive integer N
such that if n ≥ N then
(4) λ
p(n, n+ 1)
δn
> λ′
Consider now the one-sided contact process with birth rate λ′ and death rate 1 on the half-line [N,+∞)∩
Z. The one-sided contact process with birth rate λ′ and death rate 1 survives on the half-line [N,+∞) ∩ Z.
No births are allowed from N−1 to N for this process. We now compare the inhomogeneous contact process
to the one-sided contact process with the same boundary condition at site N . The rates being different the
two processes run at different speeds. However, we can compare the two corresponding embedded discrete
chains. More precisely, we may compare the probabilities of a birth and the probability of a death. Using
(4) we have that for n ≥ N
λp(n, n+ 1)
λp(n, n+ 1) + δn
>
λ′
λ′ + 1
.
That is, a birth from n to n + 1 is more likely for the inhomogeneous contact chain than for the one-sided
contact chain. Note also that
δn
λp(n, n+ 1) + δn
<
1
λ′ + 1
.
That is, a death at n is more likely for the one-sided contact chain than for the inhomogeneous contact process.
Hence, births are more likely and deaths less likely for the inhomogeneous embedded chain. In particular
survival of the one-sided process embedded chain implies survival of the inhomogeneous embedded chain.
Since the chain for the one-sided contact process has a positive probability of surviving so does the chain
of the inhomogeneous contact process. Note that if ℓ = ∞ then condition (4) holds for any λ > 0. Hence,
the process survives for any λ > 0. This completes the proof of Lemma 2.
We are now ready for the proof of Theorem 1.
• If ℓ = 0 then λℓ < 1 for all λ and Lemma 1 implies extinction.
• If 0 < ℓ < ∞ then Lemma 1 implies extinction for λℓ < 1 and Lemma 2 implies survival for λℓ > λc.
The existence of a critical value for the inhomogeneous contact process comes from the fact that the survival
probability is increasing as a function of λ. This also implies that the critical value belongs to the interval
[1/ℓ, λc/ℓ].
• If ℓ =∞ then Lemma 2 implies survival for every λ. This completes the proof of Theorem 1.
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